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ABSTRACT

If the present universe is slightly open then pre-inflation curvature would appear as a cosmic dark-flow
component of the CMB dipole moment. We summarize current cosmological constraints on this cosmic
dark flow and analyze the possible constraints on parameters characterizing the pre-inflating universe in
an inflation model with a present-day very slightly open ΛCDM cosmology. We employ an analytic model
to show that for a broad class of inflation-generating effective potentials, the simple requirement that the
observed dipole moment represents the pre-inflation curvature as it enters the horizon allows one to set
upper and lower limits on the magnitude and wavelength scale of pre-inflation fluctuations in the inflaton
field and the curvature parameter of the pre-inflation universe, as a function of the fraction of the total
initial energy density in the inflaton field. We estimate that if the current CMB dipole is a universal
dark flow (or if it is near the upper limit set by the Planck Collaboration) then the present constraints
on ΛCDM cosmological parameters imply rather small curvature Ωk ∼ 0.1 for the pre-inflating universe
for a broad range of the fraction of the total energy in the inflaton field at the onset of inflation. Such
small pre-inflation curvature might be indicative of open-inflation models in which there are two epochs
of inflation.
Key words: cosmology: early universe – Inflation – cosmology: observations – cosmology: theory – cosmic
microwave background

1. INTRODUCTION
In this work (Mathews et al., 2014a) we consider that
the present universe is slightly open, i.e. Ω0 ≥ 0.994
at the 95% confidence level. In this case, any curvature
that existed before inflation could now be visible on the
horizon. Such pre-inflation fluctuations in the inflaton
field could appear as a cosmic dark (or bulk) flow cosmological flow. We summarize an analytic model (KurkiSuonio et al., 1991; Mathews et al., 2014a) for an open
cosmology with an adiabatic planar inhomogeneity of
wavelength less than the initial Hubble scale. We show
that one can utilize the CMB dipole and current cosmological parameters to fix the amplitude and wavelength
of fluctuations as a function of energy content of the
inflaton field as the universe just entered the inflation
epoch.
A detection of a bulk flow would be interesting as it
could be a remnant of the birth of the universe out of
the M-theory landscape (Mersini-Houghton & Holman,
2009), or a remnant of multiple field inflation (Turner,
1991; Langlois & Piran, 1996). Of particular interest to
the present work, however, is the possibility that a largescale dipole moment in the universe could be a remnant
http://pkas.kas.org

of pre-inflation fluctuations from any source, but just
visible on the horizon now.
It has been known since the 1980s (Lynden-Bell et
al., 1988) that the local dipole flow extends to well beyond the local super cluster. This was dubbed “the
great attractor”. However, subsequent work (Mathewson, 1992) has established that the local flow extends at
least to 130 h−1 Mpc. Moreover, there is no evidence
of infall into the “great attractor” at larger distances.
There is, however, recent evidence (Tully et al., 2014) of
a supercluster extending to a scale ∼160 Mpc. Although
there remains, a need observationally analyze bulk flow
at distances beyond ∼160 Mpc−1 , it has been demonstrated (Mathews et al., 2014b) that it is impossible to
detect dark flow beyond about 150 Mpc via the galactic
distance redshift relation.
Attempts have been made (Kashlinsky et al., 2010,
2011, 2012) to observationally detect such dark flow by
means of the kinetic Sunayev-Zeldovich (KSZ) effect.
A detailed analysis of the KSZ effect based upon the
WMAP data (Hinshaw et al., 2013) seemed to confirm
that a dark flow exists out to at least 800 h−1 Mpc
(Kashlinsky et al., 2012). However, the constraints set
by the Planck Collaboration (Planck CollaborationXIII,
2013) are consistent with dark flow to a (95% confidence
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level) upper limit of 254 km s−1 .
2. MODEL
We consider fluctuations in a scalar inflaton field. For
simplicity, we assume adiabatic fluctuations, i.e the density variations in all forms of matter and energy including the scalar field have equal fractional over/under densities. The energy density of a general inhomogeneous
inflaton field is
ρφ =

1
1 2
φ̇ + 2 ∇2 φ2 + V (φ) .
2
2a

We presume that the initial adiabatic inhomogeneities
are determined at or near the Planck time. Hence,
we set the initial Hubble scale equal to the Planck
length. Plane-wave inhomogeneities in the inflaton field
are written
φ(t, z) = φi + δφi sin

λi = lHi−1 =

2

Z
rH (t) = a(t)
0

t

dt0
.
a(t0 )

For small adiabatic inhomogeneities, the coupled
equations for the Friedmann equation and the inflation
can then be written

φ̈ =

p
l
= l 1 − Ωi ai ,
mP l

(8)

with l dimensionless in the interval 0 < l < 1.
The energy density in the initial inflaton field, ρφ,i is
constrained to be less than the Planck energy density.
This implies,
ρφ,i < f Ωi

3m4P l
, 0 < Ωi < 1 , 0 < f < 1 ,
8π

(9)

where 1 − Ωi is the initial curvature in the pre-inflation
universe, and f is the fraction of the initial total energy
density in the inflaton field. If the largest inhomogeneous contribution is from the φ̇2 /2 term, then the amplitude of the inhomogeneity in Eq. (7) is constrained
to be,

1/2
δφi
3f Ωi l2
<
.
(10)
mP l
16π 3
The maximum initial amplitude we consider is therefore

(2)

This is to be distinguished from the Hubble scale H −1 ,
which at any epoch is given by the Friedmann equation
to be:
p
1
= a(t) 1 − Ω(t) .
(3)
H(t)

H2 =

(7)

where the wavelength of the fluctuation can then be parameterized (Kurki-Suonio et al., 1991) by ,

(1)

We will assume that the φ̇ /2 term can dominate over
V (φ) initially, but eventually V (φ) will dominate as inflation commences. The quantity most affected initially
by the density perturbation in the scalar field is, therefore, the kinetic φ̇2 /2 term as inflation begins.
We consider a broad range of general inflationgenerating potentials V (φ) to drive inflation (Liddle
& Lyth, 2000) with the only restriction that they be
continuously differentiable in the inflaton field φ, i.e.
dV /dφ 6= 0. We also restrict ourselves to modest fluctuations in the scalar field with a wavelength less than the
initial Hubble scale. This allows one to ignore the gravitational reaction to the inhomogeneities. This allows
one to approximate the initial expansion with fluctuation perturbations on top the usual LFRW metric.
The particle horizon is given by the radial null
geodesic in these coordinates,

2π
(ai z − t) ,
λi

8π
1
(ρm + hρφ i) + 2 ,
3m2P l
a

(4)

1 2
∇ φ − 3H φ̇ − V 0 (φ) ,
a2

(5)

where H = H(t) = ȧ/a is the Hubble parameter, and
φ = φ(t, x) is the inhomogeneous inflaton field in terms
of comoving coordinate x. One can assume that the
matter is relativistic in the pre-inflation post-Planck
epoch, so that ρm = ρm,i (ai /a)4 with ρm,i the initial
mass-energy density in the matter field. The brackets
hρφ i denote the average energy density in the inflaton
field. That is, we decompose the energy density in the
inflaton field into an average part and an adiabatic fluctuating part.
ρφ = hρφ i + δρφ .
(6)

(3/16π 3 )1/2 mP l = 0.078mP l ,

(11)

for fluctuations initially of a Hubble length.
Fluctuations beyond the Hubble scale can of course
have larger amplitudes, but those are not considered
here. Note, that the assumption of ignoring the effect
of gravitational perturbations on the inflaton field in
Eq. (5) is justified as long as we restrict ourselves to
fluctuations less than the Hubble scale Hλ < 1.
At the initial time ti , we have Hi λi ≡ l < 1. After
that the comoving wavelength Hλ decreases until inflation begins. During inflation then Hλ increases until a
time tx at which Hx λx = 1. At this time, the fluctuation
exits the horizon and is frozen in until it re-enters the
horizon at the present time. How much Hλ decreases
during the time interval from ti to tx depends upon the
initial closure parameter Ωi (Kurki-Suonio et al., 1991).
The problem, therefore, has three cosmological parameters, Ωi , l, and f , plus parameters related to the
inflaton potential V (φ). An analytic model has been developed (Mathews et al., 2014a) to show that the inflaton potential can be constrained from the COBE (Smoot
et al., 2013) normalization of fluctuations in the CMB
for any possible differential inflaton potential. We also
show that the initial wavelength parameter l and the
initial closure Ωi can be constrained for a broad range
of scalar-field energy-density contributions f by two requirements. One is that the resultant dipole anisotropy
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does not exceed the currently observed CMB dipole moment. The other is that the resulting dipole is in excess
of the background due to isocurvature quantum fluctuations generated during inflation.
To begin with, the equation of state for the total density in Eq. (4) can be approximated as
 4
ai
+B ,
(12)
ρm + hρφ i ≈ A
a
where A = ρm,i , and B = (3mpl /8π))V (φi ) are constants. Explicitly, from ti to tx , we invoke the slowroll approximation. Another simplifying assumption is
that V (φ) ∼ B is initially small compared to the matter density for the first scale (the one we are interested)
to cross the horizon. This assumption was verified in
Kurki-Suonio et al. (1991) by a numerical of the equations of motion.
With these assumptions, the solution (Kurki-Suonio
et al., 1991) of Eq. (4) for the scale factor at horizon
crossing is simply,
1/2
  
1 − l2 (1 − Ωi )
ax
=
.
(13)
ai
Bl2
This analytic approximation was also verified to be accurate to a few percent by detailed numerical simulations in Kurki-Suonio et al. (1991). We are interested in
length scales of these fluctuations that have the minimal
amount of inflation such that the pre-inflation horizon
is just visible on the horizon now.
Ignoring the gradient terms and using the slow-roll
condition, the amplitude when a fluctuation exits the
horizon can be written
√
δρ
( f Ωi l 2
≈K
,
(14)
ρ+p x
[1 − l2 (1 − Ωi )]3/2
where the constant K is given by:


√ V (φi )3/2
3
K = 1+
.
8π 2 0
2π
V (φi )m3P l

(15)

The normalization of the inflaton potential in Eq. (15)
can be fixed from the quantum isocurvature fluctuations
generated during inflation. Assuming that the only contribution to the observed CMB power spectrum is from
adiabatic density perturbations, then the COBE (Smoot
et al., 2013) normalization (δH = 1.91 × 10−5 ) of the
CMB power spectrum requires (Liddle & Lyth, 2000) ,
V 3/2 (φx )
= 5.20 × 10−4 .
m3P l V 0 (φx )

(16)

We then deduce the constant K, independently of the
analytic form of the potential,


√
3
−4
8π 2 = 0.0270.
K = 5.2 × 10
1+
(17)
2π
The constraint on pre-inflation fluctuation parameters
from the requirement that the observed fluctuations exceed the magnitude of quantum fluctuations is then,
√
( f Ωi l 2
> δH /K ∼ 7.1 × 10−4 .
(18)
[1 − l2 (1 − Ωi )]3/2

2.1. Constraint from Ω0 in ΩΛ , and Ωm
Eq. (3) directly relates the present Hubble scale to
the present value of Ω0 ,
(1 − Ω0 )1/2 =

1
,
H0

(19)

However, the pre-inflation comoving Hubble scale
should appear on the present horizon, rh . In an open
ΛCDM universe, the largest observable CMB scale has
the comoving size
Z 1
dx
1
rl
p
=
.
4
a0
H0 0
ΩΛ x + (1 − Ω0 )x2 + Ωm x + Ωγ
(20)
For a nearly flat Ω0 = 0.994 cosmology we can adopt
values ΩΛ = 0.697, and Ωm = 0.297, (with Ωγ = 0)
that are consistent with the Planck (Planck CollaborationXVI, 2013) and WMAP (Hinshaw et al., 2013)
results. For these parameters, then rl /a0 ≈ 3.3/H0 .
Equating the pre-inflation comoving Hubble scale
with the current horizon we have the following relation
between Ω0 and parameters Ωi and l
p
p
(21)
l (1 − Ωi ) ≈ 3.3 (1 − Ω0 ) .
2.2. Constraint from CMB Dipole
The observed CMB temperature is T = 2.7258±0.00057
(Fixen, 2009). The magnitude of the dipole moment
corrected (Kogut, et al., 1993) to the frame of the Local
Group, is 5.68 mK. Hence, we have
δρ
ρ+p

=3
dipole

δT
≈ 6.25 × 10−3 .
T

(22)

Equating this with Eqs. (14) and (15), then this gives
the constraint
p
(f Ωi )l2
3 δT
<
∼ 0.23 ,
(23)
K T
[1 − l2 (1 − Ωi )]3/2
This is an upper limit since it would correspond to the
case where all of the observed CMB dipole is due to
a pre-inflation dark flow, with no contribution from
the motion of the Local Group with respect to the
background CMB. For example, the Planck Collaboration upper limit of < 254 km s−1 (Planck CollaborationXIII, 2013) for a bulk flow velocity would imply
an upper limit of the pre-inflation dipole moment to
be
p < 2.5 × 10−3 leading to an upper limit of
p δρ/ρ +
2
(f Ωi )l /[1 − l2 (1 − Ωi )]3/2 < 0.1 in Eq. (23).
3. RESULTS
Combining Eqs. (18), (21), and (23), one can see that
there are unique values for Ωi and l for each value of
f that satisfy these inequalities. These are summarized
in Figure 1 from Mathews et al. (2014a). The upper
solid lines show the upper limits to Ωi based upon the
CMB-dipole or the Planck limit to the dark-flow velocity. The lower solid line is the lower limit to Ωi from the
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field as the inflation epoch began. Such a small value
for the pre-inflation curvature (1 − Ωi ) ' 0.1 could be
suggestive of many possible open inflation models (Liddle & Lyth, 2000) in which there are two inflationary
epochs.
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